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We present a theory for the equilibrium structure of polyelectrolyte solutions. A simple and general optimi-
zation method is introduced that enables theories such as the random phase approximation to handle the strong
repulsive forces present in such systems. Quantitative comparison is made with data from recent neutron-
scattering experiments of randomly charged, hydrophilic polymers in salt-free, semidilute solution at various
charge densities. We show that the invariance observed at high charge fraction may be the result of polymer-
polymer correlations, rather than the conventional explanations involving counterion condensation.
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Polyelectrolytes are polymers with ionizable groups that
dissociate in polar solvent leaving ions bound to the chain
and counterions free in solution[1]. The study of polyelec-
trolytes has traditionally been driven by their omnipresence
in living things[2], but there has been rapidly growing use of
and interest in synthetic ones for technological applications
[3].

In this article we focus on the general properties of poly-
electrolytes and consider some recent intriguing experiments
of Nishida, Kaji, and Kanaya(NKK ) [4], and Essafi, Lafuma,
and Williams (ELW) [5]. Counterion condensation[6] is
commonly invoked as the cause of the invariance at high
charge density observed in these experiments. While there is
some ambiguity in the literature about what precisely is
counterion condensation, it is generally regarded that the
mechanism is not captured in any theory in which ion-
counterion correlations are included only at the level of
Debye-Hückel theory[6,7]. However, we show here that
Debye-Hückel modeling of ion-counterion correlations,
when accompanied by adequate treatment of polymer-
polymer correlations, is sufficient to produce an invariance at
high charge density.

There are few theories that can handle the strong repul-
sions and attractions present in polyelectrolyte solutions[8].
Further, there is currently no theory that provides reliable
predictions for liquid structure in the semidilute regime—
which is the region of greatest experimental interest. The
theory of Laria, Wu, and Chandler[9] has been applied to
examine density correlations there as a function of number
density [10], but performs poorly at large, experimentally
relevant, interaction energies and charge densities[11]. The
theory of Donley, Rajasekaran, and Liu(DRL) seems to per-
form properly at large interaction energies and charge densi-
ties, but presently only for purely repulsive systems[12].
Despite its simple form, the random phase approximation

(RPA) can give reasonable predictions for the free energy of
polyelectrolyte solutions[13]. Here, we propose that theories
such as the RPA can be rendered adequate for density corre-
lations given a suitable reinterpretion of the interaction po-
tential [14]. Let

SMkM8k8srd = kfr̂Mksr d − rMkgfr̂M8k8s0d − rM8k8gl s1d

denote the density-density correlation function between a
k-type monomer(or site) on a molecule of typeM and a
k8-type monomer on a molecule of typeM8 a distancer
= ur u apart. Here,r̂Mksr d is the microscopic density ofk-type
monomers on molecules of typeM at positionr with average
value rMk. The brackets denote a thermodynamic average.
The Fourier transform ofSMkM8k8srd is the partial structure
factor and links the theory to scattering experiments. The
correlation function can be separated intointra- andintermo-
lecular contributions,VMkk8srd andHMkM8k8srd, respectively,

SMkM8k8srd = VMkk8srddMM8 + HMkM8k8srd, s2d

wheredMM8 is the Kronecker delta. In this work, the molecu-
lar structure functionVMkk8srd is assumed to be known. The
intermolecular correlation function is HMkM8k8srd
=rMkrM8k8fgMkM8k8srd−1g, wheregMkM8k8srd is the radial dis-
tribution function. Thus, to compare with experiment we
need a form for this function in terms of the potentials and
molecular structures. Consider for simplicity a system where
all the interactions can be decomposed as pair potentials
uMkM8k8srd between sites. Here, we take these potentials to be
hard core for distancesr less than some rangesMkM8k8, and
Coulombic outside. Consider also a class of theories for
which gMkM8k8srd is a function only of the interactionshuj
and the total molecular structure functionshVj. Theories in
this class include the RPA and possible higher loop improve-
ments, and the polymer version[15] of the theory of Chan-
dler, Silbey, and Ladanyi[16]. One significant failure of
theories such as the RPA is that they predict a negative
gMkM8k8srd for short distances if the interactionuMkM8k8srd is
strongly repulsive, even though the radial distribution func-
tion is intrinsically non-negative. This shortcoming is
thought to be one reason that RPA underestimates the
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strength of the dependence of the structure factor peak posi-
tion qmax with polymer monomer number densityrm in the
semidilute regime.

For short-range repulsive, e.g., hard-core, potentials one
remedy to this deficiency was proposed by Andersen and
Chandler(AC) [14]. Their idea was to replace the true po-
tential u by an effective “optimized” one,ũMkM8k8srd. For
distancesr ,sMkM8k8, ũMkM8k8srd is selected so that the hard-
core condition is satisfied, i.e.,gMkM8k8srd=0. Outside the
core, ũMkM8k8srd can be set equal to the original potentialu
which is long ranged and presumably weak. In this way,
higher-order diagrams neglected in the theory are summed in
an approximate manner to enforce the core condition. When
applied to the RPA, this optimization scheme is a generali-
zation of the Mean Spherical Approximation(MSA) closure
of the Orstein-Zernike equation[17] and a closely related
scheme has been shown to be diagramatically proper for
Chandler-Silbey-Ladanyi(CSL) theory [15]. This optimized
RPA (ORPA), usually with long-range potentials absent, is
more popularly known as Reference Interaction Site Model
(RISM) for small molecules [18] and Polymer RISM
(PRISM) for polymers[19].

Unfortunately this AC optimization is not very useful for
polyelectrolytes. One reason is that the contact energy be-
tween ion and counterion seems to be less important than the
interaction energy of the counterion with the whole chain.
Hence, enforcing the hard-core behavior between opposite
charges matters less than modeling correctly the chain struc-
ture, e.g., determining the bond length,b. A more important
reason is that the repulsion between like-charged polymers is
usually very large. This causes the radial distribution func-
tion to be effectively zero out to a distance that scales with
the Debye-Hückel screening length with density in the semi-
dilute regime, which is usually much larger than the hard-
core distance[10,12,20]. Hence, enforcing the core condition
produces little improvement in the theory for long polyelec-
trolytes.

The alternative scheme we propose here is to optimize the
rangeof the pseudo-hard-core portion ofũ, and not just its
amplitude. By this we mean that ifgsrd is nearly zero out to
some distance, then it makes little difference whether this
exclusion zone is caused by a hard-core potential or a Cou-
lombic one. This effective hard-core diametersMkM8k8

ef f is de-
termined by requiring thatgMkM8k8srd be non-negative every-
where (not just zero inside the core). The closure to the
theory then is

gMkM8k8srd = 0, r , sMkM8k8
ef f ,

ũMkM8k8srd = uMkM8k8srd, r . sMkM8k8
ef f , s3d

and the rangesMkM8k8
ef f of the effective hard-core interaction

is chosen to have the smallest value such thatgMkM8k8srd
.0 for r .sMkM8k8

ef f subject to the constraint thatsMkM8k8
ef f

ùsMkM8k8. With guesses for thesMkM8k8
ef f ’s, one can solve the

RPA (or a similar theory) numerically in a manner very simi-
lar to what is done in PRISM. One then adjusts thesMkM8k8

ef f

by iteration. Equation(3), which we call “range optimiza-

tion,” is the primary theoretical result of this paper.
To compare with the scattering data of NKK and ELW, we

show results for the range optimized version of RPA, de-
noted as RO-RPA. In the NKK and ELW experiments, the
molecules were hydrophilic, sulfonated vinyl polymers that
were linear and randomly charged, with monovalent ions and
counterions. Small angle x-ray(SAXS) and neutron-(SANS)
scattering methods were used to examine the equlibrium
structure of polyelectrolytes and counterions in their salt-free
solution, water. Previous experiments on polyelectrolytes
have examined how density correlations in the liquid change
with rm. Here, though,rm was held constant at a semidilute
or near semidilute density and the per chain average fraction
of charged monomersf was varied. Batches of polymers
with different values off were created and the scattered in-
tensityIsqd as a function of wave-vectorq was measured for
each. NKK found that at smallf, the peak position ofIsqd,
qmax, obeyed a power law, but at largerf ,0.4 appeared to
reach an asymptote. ELW extended these measurements to
higher f and found thatqmax was effectively constant forf
.0.4. SANS measurements also allowed them to extract the

polymer monomer-monomer structure factorŜmmsqd. They

found that at least for the range 0.55, f ,0.81, Ŝmmsqd was
invariant for the wave vectors measured. A picture that ELW
offer is that as one increasesf above 0.4, the system acts as
if the charges on the chain are renormalized such that the
effective f is constant. Counterion condensation is usually
given as the explanation.

The neutron-scattering data of ELW on poly(acrylamide-
co-sodium-2-acrylamido-2-methylpropane sulfonate), or
poly-AMAMPS, is sufficiently well characterized to allow

quantitative comparison viaŜmmsqd [5]. We show results for

Ŝmmsqd for three models: the “minimal,” “primitive,” and
“two state.” In all models the polymer chains are linear and
rodlike. The chains are uniformly charged and all monomers
are identical and have the same monomer valency,Zm= f,
which can be varied continuously from 0 to 1. The strength
of the system interactions is characterized partly by the ratio
of the Bjerrum lengthlB=e2/ sekBTd to the bond lengthb.
Here,e, e, andkBT are the electron charge, solvent(water)
dielectric constant, and thermal energy, respectively. In the
models here, the effect of the salt-free solvent enters only
throughe. Both monomer and counterion are spherical and
we set their diameters,s, equal to each other and also equal
to the bond lengthb. For ELW, lB<7.1 Å, b<2.5 Å, and
rms3<3310−3. The counterion densityrc was determined
by charge neutrality,Zmrm+Zcrc=0 and counterion valency
Zc=−1. The chain lengthN was set to 400 so that the above
density was well inside the semidilute regime and thus con-
sistent with ELW. In the minimal model the system consists
only of linear polymers, with the effect of counterions incor-
porated in a modified effective interaction between the poly-
mers. Specifically, monomers on the same or different chains
interact with a potential that is hard core forr ,s. Outside
the core the potential has a screened, Debye-Hückel form:
ummsrd=sZm

2 lB/ rde−kr, where the inverse screening lengthk

=Î4pZc
2lBrc. In the primitive model, the system consists of

linear polymers and counterions. Polymer monomers and
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counterions interact with a potential that is also hard core for
r ,s. Outside the core the potential has a bare Coulomb
form: uijsrd=ZiZjlB/ r, where i or j denote monomers or
counterions.

As we will see, comparison of the predictions of RO-RPA
in the primitive model with simulation data[21] shows that
RO-RPA tends to underestimate the strength of polymer-
counterion correlations[11]. The two-state model is a com-
mon way to improve these correlations[6,13]. In this model
counterions are divided into two species, free and condensed.
In one version of the model, free ions are counterions as in
the primitive model; the condensed ones are bound to the
surface of the chain, but able to translate along its length.
Each chain has the same number of condensed counterions,
Nc. An averageNc is determined by constructing a free en-
ergy for the system and then minimizing it with respect to
Nc. For a givenNc we computed the intramolecular structure
functions VMkk8srd for the polymer-condensed counterion
“molecule” by a single chain Monte Carlo simulation. Here,
the intramolecular effective interaction between chain mono-
mers and condensed counterions was taken to have a
screened Debye-Hückel form similar to above, but the in-
verse screening lengthk=Î4plBsZm

2 rm+Zc
2rcd was due to

both ions and counterions. We calculated the free energy
using the “charging” formula[18], assuming that the mo-
lecular structure was constant during the charging. This con-
stancy is not correct obviously; however, the goal here is not
a value for the free energy, but the position of its minimum
with respect toNc. We expect for the minimum that this
approximation is a reasonable one.

Figures 1 and 2 show results for the peak positionqmax

and peak heightŜmmsqmaxd of the monomer-monomer partial
structure factor. The solid, dashed, and dashed-dotted lines
correspond to results of RO-RPA using the minimal, primi-
tive, and two-state models, respectively. Results from the
RPA are also shown as dotted lines. Diamonds are data of

ELW. At small f, qmax increases andŜmmsqmaxd decreases
with increasingf for both RPA and RO-RPA, with the theo-
ries in approximate quantitative agreement. On the other
hand, at largef ù0.4, it is clear that range optimization com-
pletely changes the character of the RPA theory. In contrast
to the RPA, RO-RPA in the minimal model predicts that both
quantities become pretty much constant, in agreement with
NKK [4] and ELW[5]. Note that adding explicit counterions
and condensed counterions produces only moderate im-
provement in the theoretical trends[22]. To provide addi-
tional evidence of the validity of the RO-RPA theory in the
minimal model, we also show results(dot-dot-dashed lines)
of the DRL theory[12] in the minimal model. DRL is an
approximation to the “two-chain” equation forgsrd [9,23].
As can be seen, this theory also produces an invariance at
large f and agrees almost quantitatively with RO-RPA at all
values off. Agreement between RO-RPA and experiment for

Ŝmmsqmaxd is very good with the former predicting values less
than 5% lower than the latter. Agreement forqmax is less
satisfactory with RO-RPA predicting values about 35%
higher than experiment. The most probable cause of this dis-
crepancy is our neglect of chain flexibility since the Debye-
Hückel screening lengthj is about 5s at largef, implying a
flexible chain on scales larger than that. If the chains were
partially collapsed, then the repulsion and average distance
between monomers on different chains would be larger. Thus

qmax would decrease andŜmmsqmaxd would increase. On the
other hand, if the solvent—which is “good” for poly-

AMAMPS—were included explicitly, thenŜmmsqmaxd would
decrease. An explanation for the invariance withf seen by
the theory is due to screening: asf increases, the repulsion
between polymer chains increases; on the other hand, charge
neutrality forces more and more counterions into the solution
which increases the screening between polymers. At smallf,

FIG. 1. Scaled peak wave vectorqmaxs of the monomer-

monomer partial structure factorŜmmsqd as a function of the average
fraction of charged monomers per chainf for lB/b=2.85 and
rms3=3310−3. The meaning of the curves and symbols is shown
within the figure.

FIG. 2. Scaled peak height of the monomer-monomer partial

structure factorŜmmsqmaxd /rm as a function of the average fraction
of charged monomers per chainf. The conditions are the same as in
Fig. 1. The meaning of the curves and symbols is shown within the
figure.
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polymer and counterion correlations are weak, but at largef
they increase such that one reaches a balance between
polymer-polymer repulsion and counterion screening.

In conclusion, we have presented an optimization scheme
that improves substantially the predictive power of the RPA
theory for the structure of polyelectrolyte solutions. We
showed that this range-optimized RPA, applied to polyelec-
trolytes models of varying detail, yields all trends exhibited
in the experimental data of ELW at large monomer charge,f,
and is in moderate agreement with their data for the peak
position and height. Notably, the invariance at largef is pre-
dicted even in the minimal model, where the effect of coun-
terions is treated strictly at only the Debye-Hückel level, and
without invoking more complex mechanisms such as those

commonly involving counterion condensation. This behavior
resulted from the proper treatment of polymer-polymer cor-
relations allowed by the range-optimization procedure. Con-
sequently, further improvements of our chain model, namely
to include flexibility, may be necessary to draw detailed con-
clusions about the origins of the effects seen in ELW. The
range optimization procedure, as applied to the RPA, may be
adequate, but is general enough to be employed in other
theories if necessary.

We thank John G. Curro and Craig E. Pryor for helpful
conversations and correspondence. D.W. would like to ac-
knowledge the hospitality and support under the Joliot Chair
at ESPCI and from the University of Paris VII.

[1] For a recent review, see S. Förster and M. Schmidt, Adv.
Polym. Sci. 120, 52 (1995).

[2] H. Lodish, A. Berk, S.L. Zipursky, P. Matsudaira, D. Balti-
more, J. Darnell, and L. Zipursky,Molecular Cell Biology
(Freeman, New York, 1999).

[3] See for example, W.A. Petka, J.L. Harden, K.P. McGrath, D.
Wirtz, and D.A. Tirrell, Science281, 389 (1998); D. Heine
and D.T. Wu, J. Chem. Phys.114, 5313 (2001); G. Decher,
Science277, 1232(1997).

[4] K. Nishida, K. Kaji, and T. Kanaya, Macromolecules28, 2472
(1995).

[5] W. Essafi, F. Lafuma, and C.E. Williams, Eur. Phys. J. B9,
261 (1999).

[6] F. Oosawa,Polyelectrolytes(Marcel Dekker, New York, 1971);
G.S. Manning, J. Chem. Phys.51, 924 (1969).

[7] Y. Levin and M.C. Barbosa, J. Phys. II7, 37 (1997); B.-Y. Ha
and A.J. Liu, Phys. Rev. Lett.79, 1289 (1997); J. Ray and
G.S. Manning, Macromolecules33, 2901(2000).

[8] Recent theories are: A. Deshkovski, S. Obukhov, and M. Ru-
binstein, Phys. Rev. Lett.86, 2341(2001); M. Muthukumar, J.
Chem. Phys.105, 5183(1996).

[9] D. Laria, D. Wu, and D. Chandler, J. Chem. Phys.95, 4444
(1991).

[10] A. Yethiraj and C.-Y. Shew, Phys. Rev. Lett.77, 3937(1996).
[11] J.P. Donley, D.R. Heine, and D.T. Wu, Macromolecules(to be

published).
[12] J.P. Donley, J.J. Rajasekaran, and A.J. Liu, J. Chem. Phys.

109, 849 (1998); J.P. Donley,ibid. 116, 5315 (2002); 120,
1661 (2004).

[13] M. Olvera de la Cruz, L. Belloni, M. Delsanti, J.P. Dalbiez, O.
Spalla, and M. Drifford, J. Chem. Phys.103, 5781 (1995);
R.M. Nyquist, B.-Y. Ha, and A.J. Liu, Macromolecules32,
3481(1999); A.V. Ermoshkin and M. Olvera de la Cruz,ibid.
36, 7824(2003).

[14] H.C. Andersen and D. Chandler, J. Chem. Phys.55, 1497
(1971).

[15] J. Melenkevitz and J.G. Curro, J. Chem. Phys.106, 1216
(1997).

[16] D. Chandler, R. Silbey, and B.M. Ladanyi, Mol. Phys.46,
1335 (1982).

[17] J.L. Lebowitz and J.K. Percus, Phys. Rev.144, 251 (1966).
[18] D. Chandler, inStudies in Statistical Mechanics VIII, edited by

E.W. Montroll and J.L. Lebowitz(North-Holland, Amsterdam,
1982).

[19] K.S. Schweizer and J.G. Curro, Phys. Rev. Lett.58, 246
(1987).

[20] P.-G. de Gennes, P. Pincus, R.M. Velasco, and F. Brochard, J.
Phys.(Paris) 37, 1461(1976).

[21] M.J. Stevens and K. Kremer, J. Chem. Phys.103, 1669
(1995).

[22] Interestingly, we find that the number of condensed counteri-
ons per monomerfcc=0 for f ,0.3, but rises to 0.43 forf =1.

[23] J.P. Donley, J.G. Curro, and J.D. McCoy, J. Chem. Phys.101,
3205 (1994).

DONLEY, HEINE, AND WU PHYSICAL REVIEW E70, 060201(R) (2004)

RAPID COMMUNICATIONS

060201-4


